Experimental and Theoretical Investigations of Third Harmonic Generation in Phasematched Dye Solutions by Penzkofer, Alfons & Leupacher, W.
Experimental and theoretical investigation 
of third-harmonic generation in 
phase-matched dye solutions 
A. PENZKOFER, W. LEUPACHER 
Naturwissenschaftliche Fakultät II - Physik, Universität Regensburg, 
D-8400 Regensburg, FRG 
Received 24 August 1987 
The phase-matched th i rd -ha rmon ic l ight generat ion in dye so lu t ions is s tud ied exper i -
menta l ly and theoret ical ly. In the exper iments p icosecond l ight pulses of a passive 
m o d e - l o c k e d N d - g l a s s laser are conver ted to the th i rd -ha rmon ic f requency. A th i rd -
harmonic convers ion ef f ic iency of up to 4 x 10~ 4 w a s achieved for one of the dyes 
invest igated (1,3,3,1 ' ^ ' ^ ' - h e x a m e t h y l i n d o c a r b o c y a n i n e iod ide in hexaf luoro isopro-
pano l ) . The theoret ical ca lcu la t ions determine the inf luence of var ious dye and solvent 
parameters on the convers ion ef f ic iency. The convers ion ef f ic iency is f o u n d to be 
l imi ted by exc i ted-state absorp t ion of p u m p laser l ight and th i rd -ha rmon ic l ight f rom 
the ST -state to higher s inglet states. The ST -state is main ly popu la ted by t w o - p h o t o n 
absorp t ion . Amp l i f i ed spontaneous emission may reduce the l imi t ing effects of exc i ted-
state absorp t ion . Phase changes caused by the non- l inear refractive index and the 
refractive index dispersion w i t h i n the spectral b a n d w i d t h of the laser pulses reduce the 
convers ion ef f ic iency. Under ideal cond i t i ons convers ion eff ic iencies up to 1 0 % may be 
achieved. 
1. I n t r o d u c t i o n 
Col l inea r phase-matched and resonantly enhanced thi rd-harmonic light generation is 
obtainable for some dye solutions wi th the S 0—S t absorpt ion peak between the fundamental 
and thi rd-harmonic frequency [1-8]. The phase-matching at a certain dye concentrat ion is 
achieved by the anomalous dispersion o f the refractive index o f the dye in the Sx -absorption 
band. The resonant enhancement is due to the S 0 - S , two-photon resonance. 
F o r nanosecond light pulses o f a N d - Y A G laser th i rd-harmonic conversion efficiencies 
up to 2 x 10~9 have been obtained i n the dye 1, 3, 3, 1', 3', 3 / -hexamethylindocarbocyanine 
iodide ( H M I C I ) dissolved i n hexafluoroisopropanol ( H F I P ) [5]. In a recent paper [8] the 
efficient generation o f th i rd-harmonic light w i th picosecond pump pulses o f a mode- locked 
N d - g l a s s laser i n the dye 1 , 3 , r ^ ' - t e t r a m e t h y l - l ^ ' - d i o x o p y r i m i d o - ö j ö ' - c a r b o c y a n i n e 
hydrogen sulphate ( P Y C ) dissolved in H F I P has been studied. A conversion efficiency up 
to 2 x 10~4 was achieved. The l imitat ions o f th i rd-harmonic generation at high p u m p pulse 
intensities were analysed by analyt ical estimates. 
In this paper we present experimental results o n the th i rd-harmonic generation wi th 
picosecond N d - g l a s s laser pump pulses for the dyes H M I C I , P Y C and safranine T . 
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A conversion efficiency up to r\ « 14 x 10~ 4 has been obtained for H M I C I i n H F I P . The 
l imitat ions o f the energy conversion at high pump pulse intensities for the dyes H M I C I , 
safranine T and P Y C are discussed in detail . The measured energy conversion curves are 
fitted by computer simulations. 
The l imitat ions o f th i rd-harmonic generation are analysed by numerical calculat ion. The 
effects o f linear absorpt ion at the th i rd-harmonic frequency, o f two-photon absorpt ion, o f 
excited-state absorpt ion at the fundamental and thi rd-harmonic frequency, o f SJ-SQ ampl i -
fied spontaneous emission, and o f phase-mismatch due to the non-linear refractive index 
and the refractive index dispersion wi th in the spectral pulse bandwidth are included. The 
analysis indicates that under favourable condit ions (extremely weak absorpt ion at th i rd-
harmonic frequency) th i rd-harmonic energy conversion efficiencies up to 10% should be 
achievable for picosecond pump pulses. 
F o r th i rd-harmonic generation in gases a thorough discussion o f the l imi t ing processes 
is given in [9, 10]. 
2. Exper imenta l resul ts 
The thi rd-harmonic generation experiments we carried out wi th a passively mode- locked 
N d - g l a s s laser [11]. The experimental arrangement is shown in F i g . 1. The Nd-phosphate 
glass laser generates pulses o f dura t ion 5 to 6 ps at a wavelength o f AL = 1.054 / m i (laser 
glass H o y a L H G 5 , saturable absorber K o d a k dye N o . 9860 i n 1,2-dichloroethane). A single 
pulse is selected f rom the pulse t ra in generated, and is amplified by double passage through 
an Nd-phosphate glass amplifier (glass: H o y a L H G 7 ) . The intensity o f the picosecond 
pulses is determined by transmission measurements through a saturable absorber [12] 
(photodetectors P D 1 and P D 2 ) . The two-photon absorpt ion i n the dye solutions (sample 
S) is moni tored by transmission measurements wi th photodetectors P D 1 and P D 3 . The 
th i rd-harmonic signal is detected by the photomul t ip l ie r P M . The thi rd-harmonic energy 
conversion efficiency is determined by cal ibrat ing the photomul t ip l ier P M relative to the 
photodetector P D 1 . 
The dyes H M I C I , P Y C and safranine T were investigated. The solvent H F I P ( C F 3 -
C H O H - C F 3 ) was used. The absorpt ion cross-section and stimulated emission cross-
section spectra o f the dyes at the phase-matching concentrat ion are plot ted in F i g . 2 
[13, 14]. ( F o r the determination o f the absorpt ion spectra see [15], and for the determination 
o f the fluorescence spectra see [16].) 
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Figure 1 Experimental set-up. PD1 to 
PD3, photodetectors; DC, saturable 
absorber cell for intensity detection; 
L, lens; S, dye sample; F, filters; PM, 
photomultiplier. 
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Figure 2 Absorption and emission cross-section spectra of dyes investigated. The spectra are for the phase-
matching concentrations of the dyes. Solid curves, HMICI in HFIP; broken curves, PYC in HFIP; chain-
broken curves, safranine T in HFIP. 
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Figure 3 Third-harmonic generation versus dye concentration. Experimental points are obtained for pump 
pulse peak intensities / 0 L < 4 * 10 9 Wcm" 2 . Curves are calculated for / 0 L = 4 x 10 9Wcnrf 2 by use of 
Equations 35 and 28 and data from Table I. The wave-vector mismatch Ak (Equation 17) is determined by 
assuming nj - /?|, oc C (/ = L,3; nS/refractive index of solvent; C concentration), (a) HMICI; (b) PYC; (c) 
safranine T. Solvent: HFIP. 
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Figure 4 Third-harmonic conversion effi-
ciency versus pump pulse intensity for 
HMICI in HFIP. Circles and solid curves, 
sample length / = 1 mm; triangles and 
broken curves, / = 0.1 mm. Curves 3,3' are 
calculated using the data of Fig. 2 and 
Table 1. The other curves use the same data 
except: 1, aft = (rg> = «ig* = 0; 2,2', 
<4 = *ex, 3 = 0; 4,4', <T^e = 0. Structural for-
mula of HMICI is included. 
The normal ized energy conversion t]E/IoL versus dye concentrat ion is shown i n F i g . 3 for 
the three investigated dyes. t]E = W3(l)/WL(0) is the th i rd-harmonic energy conversion and 
7 0 L is the peak intensity o f the input laser light. Sample lengths o f / = 1 m m were used. The 
pump laser intensity was set to I0L < 4 x 1 0 9 W c m " 2 (no saturation effects). The con-
centrations o f m a x i m u m energy conversion are the phase-matching dye concentrations 
C P M ( H M I C I , C P M = 0 . 0 8 m o l d m - 3 ; P Y C , C P M = 0 . 0 8 2 5 m o l d m " 3 ; safranine T , C P M = 
0 . 3 3 m o l d m " 3 ) . 
The th i rd-harmonic energy conversions versus input p u m p pulse intensity at the phase-
matching dye concentrations are depicted i n Figs 4, 5 and 6 for the dyes H M I C I , P Y C 
and safranine T , respectively. D y e cell lengths o f / = 1 m m (circles) and / = 0 . 1 m m 
(triangles) were used. The energy conversion rises quadrat ical ly wi th input laser peak 
intensity 7 0 L up to I0L « 2 x 10 1 0 W e m - 2 . A t higher input intensities the energy conversion 
rises more s lowly and no further increase o f energy conversion is observed above I0L « 4 x 
1 0 H W c m - 2 . 
The theoretical curves i n Figs 4 to 6 are explained i n Section 4, after a theoretical 
description o f th i rd-harmonic generation i n dye solutions i n Section 3. 
The two-photon absorpt ion cross-sections, a^l, for the simultaneous absorptions o f two 
p u m p laser photons (frequency v L ) and the Sx -excited state absorpt ion cross-sections a\x 
have been determined previously [14]. The data are listed i n Tab le 1. 
Parameter 
C P M (moldm 3) 
T F (PS) 
#F 
?FC (PS) 
?ex (PS) 
*v,6 (PS) 
*v,7 (PS) 
aL (cm-1) 
a3 (cm2) 
<reLm (cm2) 
^ X S E (cm2) 
^ex,3 (CHI 2) 
- L (cm2) 
crft (cm4s) 
o § ( a n 4 s ) 
^S(cm 4s) 
Hu 
TxLx (~w 3 ; coL, coL, ö)L) (Cm 4 V- j 
y iL( -ö 3 ; ö>L. coL, « L ) (Cm 4 v- 4 ) 
^ ( - c o 3 ; c o L , a ; L , a ; L ) ( m 2 V - 2 ) 
(-<o3; % , G>L> W L ) (m 2V~ 2) 
A,THG (mm) 
)L) (Cm 4 V- 4 ) 
HFIP HMICI PYC Safranine T Comments 
_ 0.08 0.0825 0.33 
•1.273 1.292 1.296 1.297 
1.284 1.292 1.296 1.297 
- 92 9.5 120 [14] 
- 2.7 x 10~2 2.4 x 10"3 7.4 x 10~3 [14] 
- 0.7 0.7 0.7 Assumed [31] 
- 0.1 0.1 0.1 Assumed [32] 
- 4 4 4 Assumed [33] 
- 0.1 0.1 0.1 Assumed 
0.07 0.181 0.07 0.263 
0 2.6 x 10- 1 8 3.55 x 10"1 8 2.1 x 10~18 Fig. 2 
0 -1.5 x 10- 1 9 - 7 x 10- 2 0 - 2 x 10- 1 9 [14]a 
0 3 x 10- 1 7 1 x 10- 1 7 1 x 10- 1 7 Assumed 
0 1.5 x 10"1 6 2.5 x 10-' 6 2 x 10"1 6 Fitted 
0 4 x 10- 1 7 2 x 10~18 7 x 10- 1 8 [4] 
0 2 x 10- 4 9 1.8 x 10- 4 9 5 x 10~50 [14] 
0 1.8 x 10- 4 8 1.62 x 10"4 8 4.5 x 10~49 Assumed*5 
0 1.2 x 10- 4 8 1.08 x 10~48 3 x 10- 4 9 Assumedb 
1 x 10- 6 2 1 x 10"6 2 1 x 10"6 2 1 x 10~62 [8]d • 
0 2.0 x 10- 5 9 1.7 x 10- 5 9 [8] 3.3 x 10- 6 0 d 
1.4 x 10- 2 3 1.4 x 10"2 3 1.4 x 10- 2 3 1.4 x 10- 2 3 [8]d 
0 2.48 x 10~22 2.0 x 10~22 [8] 1.7 x 1Ö"22 d 
- 0.24 0.17 0.072 Equation 32 
. (-G> 3 ; <wL, -OJL, w3) = x%x ( 
a < 7 L = 0 used in all calculations. 
bIt is assumed that XxLx (~ W L ' W L ' W L ) = x\ 
°n2,ij 0 =L, 3,y = L, 3) values are not known. n2ij = 0 is used in calculations except n2ij 
dNon-linear susceptibility of dyes for third-harmonic generation is assumed to be imaginary. 
18) [7]. 
»3; co3, -co 3 , 0)3). 
values are stated. 
i-c XXL,D(-^3;O)L,OJL,(OL) = - i x i 3 L, D ( -<y 3 ; ö ; L , a ; L , ö ; L ) (Equation 
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Figure 5 Third-harmonic generation in 
PYC dissolved in HFIP. Circles and solid 
curves, sample length / = 1 mm; triangles 
and broken curves, / = 0.1 mm. Curve 3,3' 
are calculated with the data of Fig. 2 and 
Table 1. Other curves belong to the same 
data except: 1, o<$ = ag> = <rg} = 0; 2,2', 
<4 = *ex,3 = 0; 4,4', <r^E = 0. Structural 
formula of PYC is included. 
3. Theory 
In this section a realistic description o f th i rd-harmonic generation i n dye solutions is pre-
sented. The effects include the linear absorpt ion at the fundamental and the th i rd-harmonic 
frequency, the two-photon absorpt ion o f two pump laser photons, the simultaneous 
absorpt ion o f two thi rd-harmonic photons, the two-photon absorpt ion o f a p u m p laser 
photon and a th i rd-harmonic photon , the excited-state absorpt ion at the fundamental 
frequency, the excited-state absorpt ion at the th i rd-harmonic frequency, the amplified 
spontaneous emission and the refractive index changes. 
The energy-level system o f the dye molecules is presented i n F i g . 7. The light absorpt ion 
and emission processes are included i n the figure. A similar level system was used i n [14] to 
describe S0-Sx two-photon absorpt ion dynamics i n dye solutions. Here the level system is 
extended to include the th i rd-harmonic generation, the two-photon absorptions o f a p u m p 
laser and a th i rd-harmonic pho ton (p$) and o f two th i rd-harmonic photons (erf]), the linear 
absorpt ion o f th i rd-harmonic light (<r3) and the excited-state absorpt ion o f the th i rd-
harmonic light (<rex 3 ) . 
The dynamics o f th i rd-harmonic generation, two-photon absorpt ion, ground-state 
absorpt ion, excited-state absorpt ion, amplified spontaneous emission and phase-modu-
la t ion are described by the fo l lowing differential equation system (see also [14]). The 
equations are transformed to a m o v i n g frame by t' = t — nz/c0 and z' — z, where / is the 
time, z the spatial pos i t ion i n the propagat ion direct ion, n the refractive index and c0 the 
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Figure 6 Third-harmonic generation for 
safranineTin HFIP. Circles and solid curves, 
/ = 1 mm; triangles and broken curves, 
/ = 0.1 mm. Curves 3,3' are calculated with 
data of Fig. 2 and Table I. Same curves are 
obtained for a^E = 0. Curve 1 is for 
4 L = ^L3 = 423 = 0, and curves 2,2' for 
_ CgX = aex3 = 0. Other data are the same as 
1Ö10 1011 1012 for curves 3 and 3'. Structural formula of 
INPUT PEAK INTENSITY I 0 L [W/cm2] safranine T is included. 
o f light in vacuo. The equations are 
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Figure 7 Energy-level diagram of dye molecules including the processes of third-harmonic generation, 
two-photon absorption, excited-state absorption, stimulated emission and amplified spontaneous emission. 
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SN]0 = o®(Ni - 7V I 0) Nl0 
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(11) 
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Ak = k3 - 3kL = — (n, - nL) = (n3 - « L ) = 6TIV l(«3 - w L ) (17) 
The initial conditions for the number densities o f the level populations are Nx(t' = — oo, 
r, z) = N0, N2(-oo) = N3(-oo) = N4(-oo) - 7 V 5 ( - o o ) = J V 8 ( - o o ) = # 9 ( - o o ) ' = 
^ i o ( — ° o ) = N n ( - o o ) = 0, iV 6 > / (—oo) = Q6jN0 and 7 V 7 ( - o o ) = £ 7 A V N0 is the total 
number density o f dye molecules. The terminal level o f amplified spontaneous emission 
(6) is d ivided into sublevels (6, /) to account for the variations o f the thermal level popu-
la t ion (g6i) and o f the stimulated emission cross-section (a^j) w i th frequency. The thermal 
level popula t ion factors g6i and Q7 are approximately given by g6i « ÖA^ASE,/)/* 7^ A N ( * 
Qi ~ ^A^L)/^ - Ö'ACVASE,/) a n d Ö"A(VL) a r e the apparent absorpt ion cross-sections at v A S E / 
and v L , respectively [17, 18]. 
The in i t i a l l ight intensities are IL(t\ r, z = 0) = I0L exp (—t'/tl) exp ( — r2/rl), 
4SE , / (*V , ^ = 0) = 0 ( / = 1, . . . , m ) a n d / 3 ( f ' , r, z = 0) = 0 .1 0 L is the input p u m p pulse 
peak intensity. t0 = Af L /2 [ ln(2) ] 1 / 2 is ha l f the (\/e)-pxx\se w id th ( A / L full w id th at ha l f 
max imum) and r0 is the ( l /e)-beam radius. 
E q u a t i o n 1 describes the popula t ion changes o f the S 0 -band . N{ comprises the popu-
lations o f levels 6 and 7. The first term is due to linear absorpt ion o f the thi rd-harmonic 
light. The second term is responsible for two-photon absorpt ion o f two pump laser photons 
(frequency v L , c ircular frequency CDL = 2nvL). The th i rd term gives the two-photon absorp-
t ion o f two thi rd-harmonic photons (frequency v 3 , co3 = 2nv3) and the fourth term gives 
the simultaneous absorpt ion o f a p u m p laser photon and a th i rd-harmonic photon . The 
fifth term handles the amplified spontaneous emission, and the sixth term gives the st imu-
lated emission at the laser frequency. The last term gives the S , - S 0 relaxation. 
The second equation includes the two-photon absorpt ion, the excited-state absorpt ion, 
the relaxation wi th in the S r b a n d and the relaxation to the S 0 -band . The thi rd equation 
handles the S, -state dynamics. The various terms describe the level popula t ion by F r a n c k -
C o n d o n relaxation, the excited-state absorptions at frequencies v L , v A S E and v 3 , the ampl i -
fied spontaneous emission, the stimulated emission at the pump laser frequency v L and 
various relaxation processes. 
Equat ions 4, 5 and 9 describe excited-state absorptions. E q u a t i o n 6 handles the terminal 
level populat ions o f the amplified spontaneous emission process. The first term gives the 
spontaneous emission contr ibut ion to the frequency interval Av6i. eASEi = E(vASEi)Av6i/qF is 
the fraction o f fluorescence light wi th in the frequency interval A v 6 > / a round v A S E E ( v A S E i ) 
is the fluorescence quantum dis t r ibut ion (j" e m E(v) dv = qF, qF fluorescence quantum effi-
ciency, integration over the S , - S 0 fluorescence band [16]). The second term o f E q u a t i o n 6 
gives the fluorescence light amplif icat ion, and the last term causes thermalizat ion wi th in the 
S 0 -band wi th a time constant T V 6 . 
Equa t ion 7 describes the stimulated emission at the pump laser frequency. The first term 
gives the stimulated emission and the second term causes popula t ion thermalizat ion wi th in 
the S 0 -band . 
Equa t i on 8 takes care o f the popula t ion o f level 8 by ground-state absorpt ion o f the 
generated thi rd-harmonic light. Equat ions 10 and 11 handle the populat ions o f levels 10 
and 11 by two-photon absorpt ion o f photons o f frequency v L and v 3 and o f two photons 
o f frequency v 3 , respectively, and the relaxation to level 3. 
Equa t i on 12 describes the amplif icat ion o f fluorescence light. The first term gives the 
seeding spontaneous emission i n a frequency interval Av6i a round v A S E / . A Q is the 
solid angle o f efficient amplified spontaneous emission. The second term is responsible 
for amplif icat ion o f fluorescence light and the th i rd term takes care o f excited-state 
absorpt ion. 
Equa t i on 13 describes the changes o f the electric field strength o f the p u m p laser. The first 
term gives linear losses, the second and th i rd terms give two-photon absorpt ion losses 
(2coL and o L + co 3), the fourth term is due to excited-state absorpt ion and the fifth term 
handles the stimulated emission. The sixth term [/THG = Xxxxxi — ^ l ^L)] gives the 
pump pulse reduction by th i rd-harmonic generation. The seventh term ( « 2 , 0 ) takes care o f 
thi rd-harmonic field-induced phase changes and the last term (« 2,LL) gives the p u m p 
field-induced phase-modulat ion. n l x l and n 1 X L are non-linear refractive indices. The wave-
vector mismatch Ak is given by E q u a t i o n 17. 
The bui ld-up o f the th i rd-harmonic light field is described by E q u a t i o n 14. The first term 
is due to ground-state absorpt ion and the second term is due to excited-state absorpt ion. 
The th i rd and fourth terms are due to two-photon absorpt ion losses (coL + co3 and 2a>3). 
The fifth term gives the th i rd-harmonic generation. The sixth and seventh terms (n2yL3 and 
^2,33) are due to phase changes caused by the p u m p pulse and the thi rd-harmonic light, 
respectively. n2X3 and «2,33 are non-l inear refractive indices. 
The relation between field strength and light intensity is presented by Equat ions 15 and 
16. A derivat ion o f Equat ions 13 and 14 is given i n the A p p e n d i x , where relations between 
the phase-changing susceptibilities and the non-linear refractive indices are also derived. 
The third-order non-linear susceptibility, #THG> responsible for third-harmonic generation 
is given by XTHG = XxL(-o)3; CDL, COL, CDL) = * £ L ( - a ) 3 ; G>L, G>L, COl) - iXxL(-a>3; 
(DL, a>L, coL). It is composed o f solvent and dye contr ibut ions, i.e. [19] 
XTHG = ZTHG,S + XTHG,D 0 8 ) 
XTHG,S = ZTHG,SO^S/^ SO is the solvent cont r ibut ion . NS is the number density o f sol-
vent molecules at dye number density N0. NSO is the number density o f the neat solvent 
(N0 = 0). XTHG,S is generally real (no resonant contr ibutions) . XTHG,D is the apparent 
th i rd-harmonic susceptibility o f the dye. It includes intrinsic dye molecule contr ibut ions 
and dye-so lven t interaction contr ibut ions. I f dye aggregation [13, 16, 20] occurs, the 
dye-dye interact ion contributes to ^ G , D [21]. ZTHG,D may be expressed i n terms o f apparent 
hyperpolarizabil i t ies y^lcnj by [19, 22] (see Append ix ) 
TO) / (3) 
XTHG.D = ^ W ^ G . D I + « A G , D 3 ) * - Z ^ N A D (19) 
7THG,DI is the apparent hyperpolar izabi l i ty o f dye molecules i n the ground state (level 1) 
and 7THG,D3 is the apparent hyperpolar izabi l i ty o f dye molecules i n the Sx -state (level 3). 
^THG = (nl + 2 ) ( « [ + 2) 3/81 is the Loren tz local-field correct ion factor. Since ground-
state depletion is weak i n the th i rd-harmonic generation process (see F i g . 8), the second 
equality o f E q u a t i o n 19 is reasonably accurate [7THG,D ~ 7THG,DI = yolxxxi-^l G>L, 
coL)]. The magnitude o f XJHG — Z ( 3 ) ~ i % ( 3 ) " determines the efficiency o f th i rd-harmonic 
generation. The phase o f XTHG practical ly does not influence the th i rd-harmonic conversion 
efficiency. 
The relations between the two-photon absorpt ion cross-sections off and the imag-
inary parts o f the susceptibilities Xolxxxxi — ^il ty, — o)j9 o r the hyperpolarizabil i t ies 
7D]XXXX( — <üj, —u>j, (DT) are given i n the A p p e n d i x (Equat ions A 2 3 to A 2 6 ) . 
Figure 8 Normalized length-integrated ST -state 
populations of dyes investigated. Solid curves, 
HMICI in HFIP; broken curves, PYC in HFIP; 
chain-broken curves, safranine T in HFIP. Curves 
are calculated with data of Table I. Pulse duration 
AtL = 5ps. (1) sample length / = 0.1 mm; (2) 
INPUT PEAK INTENSITY I 0 L [W/cm2] / = 1 mm. Dye parameters are listed in Table I. 
The relations between the non-linear refractive indices n2ij and the real parts o f the 
non-linear susceptibilities XxLx(~ <*>i\ °>j > <x>,) are derived i n the A p p e n d i x (Equat ions 
A 2 7 to A 3 0 ) . 
The refractive indices, ni9 and the wave-vector mismatch, Ak, change wi th excited-state 
level popula t ion according to Equa t ions A 7 and A 1 8 . The change o f Ak at h igh pump pulse 
intensities due to the population-dependent refractive indices is not explici t ly analysed 
below. Its cont r ibut ion to phase-mismatch is formal ly added to the non-linear refractive 
indices n2ij (see Figs 19 and 20, below). 
The thi rd-harmonic intensity conversion is fj, = 73 ( 0 / 4 ( 0 ) . The time-integrated thi rd-
harmonic conversion is 
rjTl = f00 I3(t\ / ) d /7 f°° IL(t', 0) dt' (20) 
J — oo J — oo 
Fina l ly , the thi rd-harmonic energy conversion is 
ffE = W3(l)/WL(0) = 7 3 ( f ' , r , / ) drj \* r 7 L ( r ' , r, 0) dt'dr (21) 
A t low pump pulse intensities the popula t ion changes o f the various levels are negligible. 
A pump pulse depletion does not occur. The effects o f two-photon absorpt ion, excited-
state absorpt ion and amplified spontaneous emission are diminishingly weak. The whole 
equation system 1 to 14 reduces to [23]: 
—? = ~ ^ L N 0 E L 0 (22) 
dz 
^ = -±o3N0 + - ^ - Z ? > G ^ „ e x p ( - i A / c z ' ) (23) 
oz 2n3 c0 
F o r £"30(0) = 0 the solutions o f Equat ions 22 and 23 are given by [23]: 
Eu>(z') = £ L o ( 0 ) e x p ( - ^ L 7 V 0 z ' ) (24) 
/ AT ^ e X P 
£ao(*') = ^ - z L 4 ( 0 ) e x p ' 
2n3c0 \ 2 J o3 - 3o-L 
( ^ 2 ^ i V o - i A ^ ) z ' ] - l 
N0 - iAk 
(25) 
The intensities at z' = / are (Equat ions 15 and 16) [23]: 
kd) = / L ( 0 ) e x p ( - f f L t f 0 / ) (26) 
hil) = 'CTHGI^GI 24 3(0) (27) 
wi th 
col exp (-3aLN0l) + exp (-<r3N0l) - 2 exp ( - G i \ 3 < 7 l JV0/^J cos (Akl) 
(28) 
W i t h o u t absorpt ion (crL = 0, a 3 = 0) E q u a t i o n 28 reduces to 
col s in 2 ( A W / 2 ) _ sin 2 (AA://2) 
— KTHG,0 , . , ,_,•> (2") 
A t phase-matching E q u a t i o n 29 is given by 
KTHG = ^ 4 2 = KTHG,(/ ( 3 °) 
In the case o f Ak = 0, a L = 0 and Ö"3AT0/ >^ 1, E q u a t i o n 28 reduces to 
^ ( 2 Y / 2 Y 
*THG < 3~T~2 TT = ^THCO — T T * ( 3 1 ) 
n3nlc40£2o \ <T3N0J V M ^ o / 
The equality sign is va l id for a3N0l -> 00. C o m p a r i s o n o f Equat ions 31 and 30 indicates 
that the m a x i m u m conversion efficiency i n case o f absorpt ion at frequency v 3 (/ = 00) is 
equal to the conversion efficiency in a cell o f equivalent length / e q u = 2/(<7 3AT 0) i f no 
absorpt ion is present. 
F o r non-linear media wi th absorpt ion at the thi rd-harmonic frequency one may define 
arbi trar i ly an effective interaction length llTHG by 
3 
h,THG = 77" (32) 
<737V0 
A t this length 60.35% o f the m a x i m u m third-harmonic conversion efficiency for / -> 00 are 
obtained ( a L = 0). 
The th i rd-harmonic intensity conversion efficiency is 
1 , 1 = W) = k ™ g I A " g | 2 / l 2 ( 0 ) ( 3 3 ) 
F o r Gaussian-shaped pump pulses the time-integrated conversion efficiency is 
iTi = ^ I ^ G P / O K O ) (34) 
and the energy conversion efficiency is 
tin = ^ t ä U l K O ) (35) 
Equa t i on 35 is very useful to determine the third-order non-linear susceptibility o f dye 
solutions by energy conversion efficiency measurements. XTHG,D (Equa t ion 18) is determined 
by measuring separately the th i rd-harmonic generation o f the solvent. The real and imagin-
ary parts o f XTHG,D = ZTHG,D — 1XTHG,D a r e determined by measuring the third-harmonic 
energy conversion efficiency as a function o f concentrat ion [19]. 
The complete equation system 1 to 14 has to be solved to similate the th i rd-harmonic 
generation at h igh input p u m p pulse intensities and to analyse the l imi t ing effects to the 
th i rd-harmonic generation. 
4. S i m u l a t i o n o f exper imenta l resul ts 
The curves i n Figs 4 ( H M I C I ) , 5 ( P Y C ) and 6 (safranine T ) are calculated by use o f the 
absorpt ion and emission curves o f F i g . 2, the spectroscopic data o f Table 1 and the 
parameters listed i n the figure captions. 
The sol id curves are for / = 1 m m while the broken curves are for / = 0 . 1 m m . 
The curves 1 neglect two-photon absorpt ion and subsequent excited-state absorpt ion. 
Equat ions 35 and 28 are used i n the calculations. These curves determine the thi rd-
harmonic non-linear susceptibilities |^THG I by fitting to the experimental points at intensities 
7 0 L < 2 x 1 0 1 0 W c m ~ 2 . The energy conversions are reduced by the strong linear ground-
state absorpt ion o f the generated th i rd-harmonic light (<J3, short interact ion length / I > T H G ) -
The curves 3 , 3 ' represent the best-fitting curves (data listed i n Table I). The effects included 
are the two-photon absorpt ion processes coL + coL (o%l f rom [14]), coL + co3 ( ö f ] , here 
fitted) and a>3 + a>3 (afj, assumed, no influence since I3 is small), the excited-state absorp-
t ion o f p u m p light (<7gX, f rom [14]) and o f th i rd-harmonic light (c7 e x 3 , this work ) and the 
amplified spontaneous emission (<r^E f rom F i g . 2 , <T£E is assumed f rom the ground-state 
absorpt ion spectrum o f F i g . 2 ) . The effects o f refractive index changes are neglected since 
they are thought to be negligibly small for the achieved conversion efficiences (see Section 5 ) . 
The curves 4,4' do not include the effect o f amplified spontaneous emission (the other 
parameters are the same as for curves 3 , 3 ' ) . The curves indicate that an o p t i m u m pump laser 
intensiy exists above which the th i rd-harmonic conversion efficiency reduces wi th increasing 
pump pulse energy because o f domina t ing excited-state absorpt ion. In case o f safranine T 
the curves 4,4' coincide wi th 3 , 3 ' , indicat ing that the influence o f amplified spontaneous 
emission on th i rd-harmonic generation is d iminishingly smal l . In the case o f H M I C I 
slightly lower th i rd-harmonic energy conversion efficiencies are calculated at h igh p u m p 
pulse intensities wi thout amplif icat ion o f spontaneous emission. F o r the dye P Y C the 
amplif icat ion o f spontaneous emission is strongest [14]. It hinders a decrease o f th i rd-
harmonic conversion efficiency at h igh pump pulse intensities (S! -state level popula t ion is 
lowered wi th in the p u m p pulse durat ion). 
F o r the curves 2 , 2 ' the effects o f amplified spontaneous emission and excited-state 
absorpt ion at v L and v 3 are neglected. O n l y the effects o f two-photon absorpt ion o f two 
p u m p laser photons ( a ^ , f rom [14]) and o f a pump laser pho ton and a th i rd-harmonic 
photon ( ö f ] , fitted here) are considered. The simultaneous absorption o f two third-harmonic 
photons is negligibly small because o f l ow thi rd-harmonic conversion efficiency (I3 small). 
The curves 2 , 2 ' indicate that the two-photon absorpt ion sets an upper l imi t o f the th i rd-
harmonic conversion efficiency at h igh p u m p pulse intensities. Th is upper l imi t increases 
wi th sample length, /, as long as / < liTHG. F o r / > / I > T H G (Equa t ion 3 2 ) the upper l imi t o f 
conversion efficiency decreases wi th sample length (compare curves 2 for / = 1 m m wi th 
curves 2 ' for / = 0.1 mm) . 
In F i g . 8 the calculated S,-state populat ions are presented for H M I C I (solid curves), 
P Y C (broken curves) and safranine T (chain-broken curves). The length-integrated popu-
la t ion (§0N3dz) towards the end o f the p u m p pulse dura t ion (/' = A / L ) is depicted. The 
curves 1 belong to / = 0.1 m m and the curves 2 to / = 1 m m (for details see [14]). The 
S! -state popula t ion rises quadrat ical ly wi th p u m p pulse intensity at input intensities below 
4 x 1 0 1 0 W c m ~ 2 . A t h igh input p u m p pulse intensities the S{ -state popula t ion levels off 
wi th the th i rd-harmonic l imi t ing effects. 
5. In f luence o f var ious dye parameters 
The influence o f various dye parameters o n the th i rd-harmonic conversion efficiency is 
studied i n the fo l lowing . In the numer ica l calculations the parameters o f H M I C I (Table I 
and F i g . 2 ) are used except where otherwise stated. 
In F i g . 9 the influence o f the linear absorpt ion coefficient, a 3 = N0a3, o n th i rd-
harmonic conversion efficiency is investigated. Effects o f two-photon absorpt ion (<TLL = 
°"L3 = öi? = 0), excited-state absorpt ion (o-gX = ö" e x 3 = a^E '= 0), amplified spontaneous 
emission (p™E = 0), l inear p u m p laser absorpt ion (ocL = GLN0 = 0), phase-mismatch 
(Ait = 0) and non-linear refractive indices (n2 LL — ni 33 = ni u = 0 for definit ion see 
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Figure 9 Influence of linear absorption 
at third-harmonic frequency. HMICI data 
of Table I are used except off = off = 
«L = 0' <4 = ^ex,3 = 0. The 
curves are for (1) / 0 L = 10 7 Wcm" 2 and 
/ = 10cm; (2) / 0 L = 10 8 Wcm" 2 and / = 
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Equat ions A 2 7 to A29) are excluded. The depicted curves show a strong decrease o f 
third-harmonic conversion efficiency for / > a 3~ 1. Curves 4 (7 0 L = 1 0 1 0 W c m ~ 2 , /, = 10 cm) 
and 4' (7 0 L = 10 1 0 W c m ~ 2 , l2 = 1 cm) show the influences o f sample length and a 3 , i n the 
case o f pump pulse depletion. In case o f a 3 _ 1 > lx > l2 the conversion efficiency is higher 
for longer samples. In an intermediate region lx > a 3 _ 1 > / 2 , the shorter sample gives the 
higher conversion, since i n the shorter sample not so m u c h pump light is transferred to the 
thi rd-harmonic light which is absorbed. F o r large absorpt ion coefficients/, > l2 > a 3 _ 1 t h e 
conversion efficiences become independent o f sample length, since the conversion efficiency 
becomes very l ow and p u m p pulse depletion does not occur. 
The reduction o f th i rd-harmonic light generation wi th increasing linear p u m p pulse 
absorpt ion is depicted i n F i g . 10 (/ = 1 cm). F o r / > OLE 1 the th i rd-harmonic conversion 
efficiency reduces quadrat ical ly w i th a L (n cc 7 0 2 L/ e 2 f f, / e f f oc a f 1 ) . The th i rd-harmonic light is 
generated at the cell entrance before the p u m p pulse is reduced and it is transferred to the 
cell exit since no absorpt ion o f th i rd-harmonic light is assumed (a3 = 0, o{2) = 0, = 0, 
Ak = 0, n2 = 0). 
The influence o f phase-mismatch is i l lustrated in F i g . 11. The si tuation o f low p u m p pulse 
intensities is depicted where Equat ions 35 and 28 are applicable. The ratio o f the energy 
conversion envelope i n the case o f Ak ^ 0, rjE e n v ( A £ ) , to the corresponding energy conver-
sion i n the case o f Ak = 0, rjE(0), is shown. The ratio is given by 
ffcenvCM) . A 4 
%(0) 
= m i n I 1, 
( A W ) 
(36) 

^ / E e n v ( A / c ) is obtained from Equa t i on 28 by setting cos ( A W ) = 1. The wavevector 
mismatch reduces the effective interaction length to / e f f « Ak~x. In some dye solutions 
wi th the S 0 - S i absorpt ion band in the frequency region between v L and v 3 phase-matching 
at a certain dye concentrat ion, C P M , is achievable due to the anomalous refractive index 
dispersion i n the wavelength region o f the absorpt ion band. 
In the presence o f absorpt ion o f th i rd-harmonic light, cr 3 , the energy conversion envelope 
(Equa t ion 28) becomes propor t iona l to (Ah2 + G23NllA)~\ The a l lowed phase-mismatch, 
Ak, that reduces the energy conversion a factor o f 2 is given by 
. . a}N0 2.78 \ 
The second part o f the m a x i m u m condi t ion is obtained f rom Equat ions 29 and 30, i.e. 
sin 2 (A/r//2)/(Afc/2) 2 = / 2 / 2 . The al lowed wave-vector mismatch versus absorpt ion coef-
ficient a 3 is depicted i n F i g . 12. 
F o r ultrashort light pulses their spectral widths, A v L (full w id th at ha l f max imum) , are 
not negligible. I f the phase-matching concentrat ion, C P M , is adjusted to the central frequen-
cies v L and v 3 , the spectral wings o f the pulses are not phase-matched for th i rd-harmonic 
generation because o f the refractive index dispersion D = dn3/dv — dnL/dv. In the case o f 
phase-matching at the central frequency v L the phase-mismatch at frequency v L = v L + övL 
for the process v L + v L + v L v 3 is given by Ak(vL) = 6nvL(n3 — nL) = 6növLd[vL(n3 — 
nh)]/^L = 6nvL(dn3/dvL — dnL/dvL)övL = 6nvLDövL. The effective phase-mismatch Afc e f f 
due to dispersion is found by integrating over the spectral intensity dis t r ibut ion. F o r 
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Figure 12 Allowed wave-vector mismatch as a 
function of sample length and linear absorption 
cross-section at third-harmonic frequency 
(Equation 37). The third-harmonic conversion 
efficiency reduces a factor of 2 compared with 
Ak = 0 for the curves shown. 
Gauss ian pulses it is 
Too exp 
Akef! = 6nvLD 
•41n (2) («5v L /Av L ) 2 ]d (<5vL) 
| ^ e x p [ - 4 1 n ( 2 ) ( ^ v L / A v L ) 2 ] d (3vL) 
6[ln (2 ) ]" 2 v L £> 
= 3rc l / 2 [ln (2)]U2vLDAvL 
Af.Cn 
(38) 
The last equality is found by use o f the relation A v L A / L = c0AvLAtL = 21n (2)n~] for 
Four i e r t ransform-limited G a u s i a n pulses [24]. E q u a t i o n 38 is va l id for strict th i rd-
harmonic generation v L + v L + v L v 3 w i th A v 3 = 3 A v L . F o r bandwidth- l imi ted pulses 
frequency mix ing processes, v L 1 + v L 2 + v L 3 -> v 3 , w i th in the bandwidth A v L take place 
and reduce the th i rd-harmonic bandwid th to A v 3 « A v L . The effective wave-vector 
mismatch reduces to 
Ak\ BWL 
eff 
tAfc eff (39) 
Ak™L versus dispersion D is plot ted i n F i g . 13 for the p u m p pulse durations AtL = lOps 
(1), 1 ps (2), 100 fs (3) and 10 fs (4). F o r femtosecond pulses the effective phase-mismatch 
becomes remarkable. 
F o r chirped pulses (due to self-phase modu la t ion [25-29]) the p u m p pulse frequency 
changes wi th in the pulse dura t ion and only the strict th i rd-harmonic generation is relevant. 
In this case the effective wave-vector mismatch is given by E q u a t i o n 38 (i.e. Ak*™ = Afc e f f ) . 
The reduction o f energy conversion due to refractive index dispersion is i l lustrated i n 
F i g . 14 for bandwidth- l imi ted p u m p pulses. rjE(D)/rjE(0) is depicted versus D for the case 
o f negligible absorpt ion. Equat ions 35, 29 and 30 are applied, leading to (Gaussian spectral 
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Figure 13 Effective wave-vector mismatch, Ak*«L, 
in third-harmonic generation of ultrashort light 
pulses phase-matched at centre frequency versus 
refractive index dispersion, D = dn3/dv - dnL/dv 
(Equation 38). Bandwidth-limited Gaussian pulses 
are assumed. AL = v[1 = 1.054^m. Curves are for 
the pulse durations (1) AfL ~ 10ps; (2) 1 ps; (3) 
100fs; (4) 10fs. In the case of self-phase modu-
lated (chirped) pulses the curves are for (1) AvL = 
0.5 c m - 1 ; (2) 5 cm" 1; (3) 50 cm" 1; (4) 500 cm" 1 . 
The refractive index dispersion of the solvent HFIP 
is indicated. 
dis t r ibut ion assumed) 
*E(0) 
s i n 2 ( A £ / / 2 ) 
Ak/2 
exp ( - v 2 / v o ) dv 
l2S^exp(-?/vl) dv 
(40) 
F o r bandwidth- l imi ted pulses it is Ak = AkB ^AA;(v L ) = 2nvLDv and v 0 = A v L / 
{2[ln (2)] 1 / 2} = In (2 ) 1 / 2 / (TCC 0 A / l ) . The energy conversion ratio rjE(D)/rjE(0) depends on 
l/AtL. The curves depicted belong to various l/AtL values. F o r example, curve 4 presents the 
si tuation o f l/AtL = 1 0 0 c m p s - 1 , i.e. AtL = lOfs i n the case o f / = 1cm. F o r chirped 
pulses it is AkSFM = Ak(vL) = 6nvLDv, and A v L is the spectral bandwidth o f the self-phase 
modu la t ion pulses. 
F o r ultrashort pulses the group velocity dispersion causes a time delay between the 
th i rd-harmonic light and the p u m p pulse. It broadens the thi rd-harmonic pulse dura t ion 
and reduces the conversion efficiency. The reduction o f conversion efficiency due to group 
velocity mismatch is only relevant for bandwidth- l imi ted pulses in long dye cells wi thout 
absorpt ion (a time delay greater than the pump pulse dura t ion has to occur wi th in the 
effective interaction length). 
The influence o f two-photon absorpt ion is analysed i n F i g . 15. N o excited-state absorp-
t ion (crLx = <rex 3 = öf x S E = 0), no linear absorpt ion (aL = o"3 = 0), no amplified spon-
taneous emission (a^E = 0), no non-linear refractive index effects (n2 E E = n2 33 = 
W2,L3 = 0) and no refractive index dispersion (D = dn3/dv — dnLjdv = 0) are included. 
F o r the sol id curves, the abscissa is <r(2) = a^lip^l = 03? = 0). A t a fixed aL2l-value the 
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Figure 14 Reduction of third-harmonic conver-
sion efficiency of bandwidth-limited Gaussian 
pulses versus refractive index dispersion D = 
dn3/dv - dnL/dv (Equation 40). The curves are for 
(1) l/AtL = 0.1 cmps"1 (e.g. / = 1 cm and AtL = 
10ps), (2) 1cmps" 1 (e.g. / = 1 cm and AtL = 
1 ps); (3) 10cmps" 1 (e.g. / = 1 cm and AtL = 
100fs); (4) 100cmps" 1 (e.g. / = 1 cm and AtL = 
10fs). Refractive index dispersion of the solvent 
HFIP is indicated. XL = 1.054/^m. 
Figure 15 Influence of two-photon absorption 
on third-harmonic generation. Data of HMICI 
of Table I are used except aL = 0, oLex = oex3 = 
0' tfemE = 0- For all curves / = 1 cm. Solid 
curves are for off = off = 0, abscissa rep-
resents off. (1) / 0 L = 10 8Wcnrr 2 ; (2) / 0 L = 
10 9 Wcrrr 2 ; (3) / 0 L = 10 1 0 WcrTr 2 ; (4) / 0 L = 
10 1 1 Wcm~ 2 ; (5) / 0 L = 1 0 1 2 W c m ' 2 . Broken 
curve off = off = 0, abscissa represents off; 
/ 0 L = 10 1 0 Wcm" 2 . Chain-broken curve, off = 
off = 0, abscissa represents off, /0L = 
10 1 0 Wcm" 2 . Dotted curve, off = off = 
off = a ( 2 ) (abscissa), / 0 L = 10 1 0 Wcm- 2 . 
conversion efficiency approaches a l imi t w i th r ising pump pulse intensity. F o r the b roken 
curve the abscissa represents o{2) = erg (a^l = off = 0, J 0 L = 1 0 1 0 W c m " 2 , / = 1cm). 
The reduction o f energy conversion due to the p u m p laser induced v 3 -pho ton absorpt ion 
is s imilar to the reduction o f conversion efficiency due to effect o f v L - p h o t o n absorpt ion by 
off. F o r the chain-broken curve the abscissa is given by o{2) = off (off = off = 0). The 
th i rd-harmonic conversion efficiency is not so strongly reduced, since the th i rd-harmonic 
intensity, I3, is lower than the pump laser intensity. The dotted curve shows the cumulat ive 
effect o f two-photon absorpt ion where off = off = off = o(2). 
The two-photon absorpt ion populates the first excited singlet state S j . Start ing from the 
S,-state, excited-state absorpt ion o f the p u m p laser (o^x) and o f the th i rd-harmonic light 
(<jex 3 ) may drastically reduce the th i rd-harmonic conversion efficiency. 
The influence o f o\x is i l lustrated in F i g . 16. W i t h o u t two-photon absorpt ion 
(off = off = off = 0) excited-state absorpt ion o f pump laser light does not occur and the 
conversion efficiency is independent o f oLx (the dotted curve is for 7 0 L = 1 0 1 0 W c m - 2 and 
/ = 1 cm). The sol id curves in F i g . 16 are for off = 1 x 1 0 ~ 4 9 c m 4 s (off = off = 0) and 
various pump pulse intensities. The broken curves are calculated for off = 8 x 1 0 ~ 4 9 c m 4 s . 
The crossing o f the curves indicates that for a fixed o\x value there exists an o p t i m u m pump 
pulse intensity for m a x i m u m thi rd-harmonic conversion efficiency. Increasing the 
pump pulse intensity above this o p t i m u m value results i n a reduction o f th i rd-harmonic 
conversion efficiency. 
The influence o f excited-state absorpt ion o f th i rd-harmonic light (oex 3 ) o n the th i rd-
harmonic generation is s imilar to the effect o f excited-state absorpt ion o f pump laser light 
((7e X ) , as is seen by the curves depicted in F i g . 17. 
Ampl i f i ed spontaneous emission contributes to the depopula t ion o f the S, -state and may 
reduce the negative influence o f excited-state absorpt ion on th i rd-harmonic generation. 
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Figure 16 Influence of excited-state absorption 
of pump laser light on third-harmonic generation. 
Data of HMICI of Table I are used except aL = 0, 
tfexs = 0, <rffE = 0, off = oif = 0. Solid curves, 
T.(?) = 10 cm 4s. Broken 
Dotted curve, 
T.(2) curves, o^ 
off = 0 and 
8 
10 1 0 Wcm" 2 . Curves 1, / 0 L = 10 9 Wcm" 2 ; 2, 
/ 0 L = 10 1 0 Wcm" 2 ; 3, / 0 L = 10 1 1 Wem" 2 . Sample 
length / = 1 cm for all curves. 
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Figure 17 Influence of excited-state absorption 
at third-harmonic frequency on conversion effi-
ciency. Data of HMICI of Table I are used except 
aL = 0, <4 = 0, ^ = 0, off = off = 0. Solid 
curves, off = 10 4 9 cm 4 s . Broken curves, off = 
8 x 10~ 4 9cm 4s. Dotted curve, off = 0 and / 0 L = 
10 1 0 Wem" 2 . Curves 1,/0 L = 10 9 Wem" 2 ; 2 , / 0 L = 
10 1 0 Wcm" 2 ; 3, / 0 L = 10 1 1 Wem" 2 . Samples 
length / = 1 cm for all curves. 
In F i g . 18 the effect o f c r ^ E o n th i rd-harmonic conversion efficiency is i l lustrated. A l l curves 
are for , / 0 L = 1 0 n W c m - 2 , crg> = 8 x 1 0 " 4 9 c m 4 s and / = 1cm (<rL = a3 = 0, n2 = 0, 
D = 0). The sol id curves show the time-ihtegrated th i rd-harmonic conversion efficiency 
*/TI(Ö"^e) while the b roken curves display the time-integrated amplified spontaneous emis-
sion conversion efficiency f y A S E T I ( ( 7 ^ E ) . I f ö - e x 3 = aLx = 0 the th i rd-harmonic generation is 
not influenced by rj^E even i n the case o f the strong generation o f amplified spontaneous 
emission (curves 5). The b roken curve 1 indicates that a\x > 0 lowers the efficiency o f 
amplified spontaneous emission. F o r the depicted case o f crLx = 2 x 1 0 " 1 6 c m 2 the thi rd-
harmonic conversion efficiency remains independent o f <J^e (solid curve 1). In the case o f 
(jLx = 0 and a e x 3 > 0 the occurrence o f amplif ied spontaneous emission increases the 
thi rd-harmonic conversion efficiency (curves 2, f j e x 3 = 2 x 1 0 " 1 6 c m 2 and T v 6 = 4ps ; 
curves 3, <re x 3 = 2 x 1 0 " 1 6 c m 2 and T v 6 = 1 ps; curves 4, ö - e x 3 = 2 x 1 0 " 1 6 c m 2 and 
Tv 6 = 0.1 ps). A fast relaxation o f the terminal amplified spontaneous emission level (level 
6 o f F i g . 7) enhances the depopula t ion o f the S{ -state (reduction o f bottleneck effect) [14] 
and increases the efficiency o f th i rd-harmonic generation. 
Dyes wi th a fluorescence lifetime T f short compared wi th the pulse durat ion w o u l d depopu-
late the S, -state wi th in the pump pulse durat ion and reduce the effects o f excited-state absorp-
t ion. The behaviour is s imilar to the si tuation o f strong amplified spontaneous emission. 
The popula t ion o f the S! -state by two-photon absorpt ion depends on the p u m p pulse 
dura t ion. It is accumulative for fluorescence lifetimes longer than the pulse dura t ion. The 
appl icat ion o f shorter pump pulses w o u l d reduce the detrimental effects o f excited-state 
absorpt ion, and the onset o f saturation o f conversion efficiency w o u l d be shifted to higher 
p u m p pulse intensities. Th is al lows higher conversion efficiencies for femtosecond p u m p 
pulses. 
-r-r-r i i i— i i _ i 1 
Figure 18 Influence of amplified spontaneous 
emission on third-harmonic generation. Data of 
HMICI of Table I are used except aL = 0, a£2 ) = 
8 x 10- 4 9 cm 4 s, ag> = off = 0, a^E = 0, Q6 = 
5 x 10~4, eA S E = 0.2. Input pulse peak intensity 
/ 0 L = 10 1 1 Wem 2 . Sample length / = 1 cm. 
Solid curves give time-integrated energy con-
version efficiency of third harmonic light. The 
broken curves depict the time-integrated ampli-
fied spontaneous emission conversion effi-
STIMULATED CROSS-SECTION [cnrl 
ciency. Curves 1 
T v 6 = 4ps; 2, a\ 
T v 6 = 4 ps; 3, a\ 
T v 6 = 1 ps; 4, aL 
T v 6 = 0.1 ps; 5, a\ 
\ = 0, 
= o, 
x 10" 
<7ex,3 = 2 x l 0 - 1 6 c m 2 
< 7 e x 3 = 2 x l o d e r n 2 
C 7 e x 3 = 2 x I0" 1 6 cm 2 
; > 3 = 0, T V I 6 = 4ps. 
U p to now the influence o f the non-linear refractive indices has been neglected. The 
non-linear refractive indices are defined by Equat ions A 2 7 to A 3 0 . The non-linear refractive 
indices disturb the phase-matching and therefore reduce the third-harmonic conversion 
efficiency. The change o f the linear refractive indices nL and n3 due to level populat ions 
(Equa t ion A 7 ) may be included formally i n the non-linear refractive indices (n = n + 
An + n2\E\2 = h + n2^\E\2). 
In F i g . 19 the thi rd-harmonic conversion efficiency versus the non-linear refractive index 
n2 is depicted for Ak = 6nvL(n3 — nx) = 0. The non-linear refractive indices are set to 
w 2,LL = ^2,33 = n2 a n d W 2 , L 3 = 2w 2. The non-linear refractive indices contribute to the 
phase-mismatch. F o r example, the cont r ibu t ion o f n 2 L L to the phase-mismatch is approx i -
mately given by A</> = AnLL(a)L/c0)l = I ^ L L I ^ O L I ^ L M ) ) / = « 2 , L L V ^ L / / ( " L V O ) -
3XXLX(—Q>L°> W L> — <*>L> ^ O V ^ L ^ L V O ) ( s e e E q u a t i o n A 3 2 ) . F o r A 0 > n a dramat ic 
decrease o f the thi rd-harmonic conversion efficiency is observed. 
The effect o f the non-l inear refractive indices n2 may be compensated to some degree by 
a certain value o f wave-vector mismatch Ak [9]. The phase-mismatch caused by n2 at the 
time posi t ion / ' = 0 o f m a x i m u m pulse intensity is compensated by the linear wave-vector 
mismatch Ak. Th is compensat ion is il lustrated in F i g . 20, where the situations o f n 2 L L = 
fi2,33 = n2 and n 2 L 3 = 2n2 are shown wi th n2 = 0 (solid curve), n2 = 2.3 x 1 0 ~ 2 1 m 2 V ~ 2 
(broken curve) and n2 = 1.16 x 1 0 _ 2 0 m 2 V " 2 (chain-broken curve). The curves are for 
/ 0 L = 1 0 1 0 W c m - 2 and / = 1 c m (a 3 = a L = 0, <r(2) = 0). 
The illustrated dependence o f Figs 9 to 20 indicate various l imitat ions on the th i rd-
harmonic conversion efficiences. Figs 4 to 6 demonstrate the l imitat ions i n three real 
phase-matched dye solutions. In F i g . 21 it is attempted to get a feeling o f the m a x i m u m 
Figure 19 Influence of non-linear refractive indices 
on third harmonic generation. Data of HMICI of 
Table I are used except aL = 0, off = off = off = 
0, (Tex = <7EX,3 = 0, ffemE = 0- For n2 definitions see 
Equations A27 to A30. Curves are calculated for 
nix<L = n2,22 = n2 A N D ^ U J = 2n2. nL = n3 = 
1.292. Sample length / = 1 cm. Curves 1, / 0 L = 
10 9WcrrT 2; 
10 1 1 Wem" 2 . 
2, / 0 L = 10 1 0 Wcm" 2 ; 3, 
-50 -AO 
WAVEVECTOR 
Figure 20 Compensation of effects of non-linear 
refractive indices by wave-vector mismatch. Data 
of HMICI of Table I are used except aL = 0,off = 
off = off = 0, <xeLx = a e x , 3 = 0, o*** = 0. Sample 
length / = 1 cm. Input peak intensity / 0 L = 
10 1 0 W e m - 2 . The non-linear refractive indices are 
set to n2t\_i = n2,33 = n2 a r , d no 
curve, n2 = 0; broken 
10" 2 1 m 2 V" 2 ; chain-broken curve, 
10" 2 0 m 2 V- 2 . 
"2X3 
curve, n2 = 2.3 
n, = 1.16 
INPUT PEAK INTENSITY I 0 L [W/cm
2] 
Figure 21 Estimation of possible third-harmonic 
conversion efficiency versus input pulse peak 
intensity. Data of HMICI of Table I are used except 
<£5E = 0, off = off = off = 2 x 1 ( T 4 W s , 
oLex = 2 x 10 ' 1 7 cm 2 , (Tex3 = 5 x 10" 1 7 cm 2 . 
Curves 1, /= 100cm (<xL ^ a 3 < 0.01 cm - 1 ) ; 2, 
/ = 10 cm (aL ^ a 3 < 0.1 cm" 1); 3, / = 1 cm (aL ^ 
a 3 < 1 cm - 1 ) ; 4, / = 1 mm (aL ^ a 3 < 10cm" 1); 5, 
/ = 0.1 mm (aL ^ a 3 < 100 cm" 1). Broken curve, 
/ = 1 cm, a<2) = 2 x 10" 4 9 cm 4 s, off = off = 0, 
<7ex = ffex,3 = ° -
possible th i rd-harmonic conversion efficiency o f picosecond pump pulses in op t imum dye 
solutions. A requirement o f high conversion efficiency is low linear absorpt ion at the 
frequencies v L and v 3 . Negl ig ib le absorpt ion at the p u m p laser frequency is given for many 
dyes. The linear absorpt ion at the th i rd-harmonic frequency hinders high conversion 
efficiency. Special dyes should be synthesized wi th very weak cross-sections a3 for efficient 
th i rd-harmonic generation. The larger a 3 = a3N0 is, the shorter the effective interaction 
length /ITHG = 3a 3 _ 1 is. The curves i n F i g . 21 are calculated for various sample lengths wi th 
a 3 = 0. However , these curves also apply reasonably wel l to the situation o f a 3 _ 1 « /. The 
l imi t ing effect o f two-photon absorpt ion cross-section a[2l cannot be avoided, since without 
a two-photon resonance the third-order non-linear susceptibility for th i rd-harmonic 
generation w o u l d be smal l . F o r XJHG = 2.5 x 1 0 " 2 2 m 2 V ~ 2 and a^l = 2 x 1 0 " 4 9 c m 4 s 
(data for H M I C I ) the broken curve i n F i g . 21 indicates a l imi t ing conversion efficiency o f 
nTl « 0.7 for / = 1 cm, off = CT[2) = 0, exLx = crex 3 = 0 (a L <^  l c m _ 1 , a 3 < l e r n - 1 ) . The 
sol id curves i n F i g . 20 indicate the more realistic situations o f XTHG = 2.5 x 1 0 " 2 2 m 2 V " 2 , 
ail = <xg} = erg = 2 x 1 0 " 4 9 c m 4 s , creLx = 2 x 1 0 " 1 7 c m 2 and <rex,3 = 5 x 1 0 1 7 c m 2 . In 
this case a conversion up to rjT1 % 0.1 is expected for / = 1 cm (a L <^  1 c m " 1 , a 3 < 1 c m " 1 , 
curve 3). F o r / = 0 . 1 c m ( a L <^  10 c m " 1 , a 3 < 1 0 c m " 1 ) the o p t i m u m conversion efficiency 
w o u l d be rjTl « 0.02. 
6. Conc lus ions 
In the experimental investigation o f efficient th i rd-harmonic generation in dye solutions a 
conversion efficiency up to 4 x 10" 4 has been achieved. F o r the dyes investigated the 
relatively h igh linear absorpt ion coefficient at the th i rd-harmonic frequency results in short 
effective interaction lengths o f / I > X H G < 0.2 m m and makes the appl icat ion o f h igh pump 
pulse intensities necessary. The conversion efficiency above 10 1 1 W e m " 2 is l imi ted by the 
high S! -S„ excited-state absorpt ion o f the generated third-harmonic light. The S! -state is 
populated by two-photon absorpt ion o f the pump light. The two-photon absorpt ion cannot 
be avoided because the two-photon resonance increases the third-harmonic susceptibility 
XTHG and makes possible the concentrat ion dependent phase-matching. 
The theoretical analysis shows that i n dyes wi th small linear absorpt ion cross-section at 
the th i rd-harmonic frequency and wi th small excited-state absorpt ion cross-sections at the 
p u m p and the th i rd-harmonic frequency conversions efficiencies up to the 10% region 
should be possible. 
Append ix 
The differential equations o f the pump laser and thi rd-harmonic laser field (Equat ions 13 
and 14) are derived f rom M a x w e l l ' s equations. One starts wi th the wave equation i n the 
electric dipole interaction approx imat ion 
d2E 1 d2E __ d2P 
Inclusion o f l inear and third-order non-linear effects the polar iza t ion is given by 
P = PL + ^ N L = s0(xil)'E + 4x(3)[EEE) (A2) 
X(L) = x(l) — is a l inear susceptibility tensor o f rank 2. It is composed o f solvent (xs]) 
and solute (xu) contr ibutions: 
r(l) rn 
f> = + jrfj) = + L - £ Nji® (A3) 
L{]) = (n2 + 2)/3 is the Loren tz local-field correct ion factor. The Nj are the number 
densities o f the level populat ions ( F i g . 7). y£J represents the linear polar izabi l i ty o f a dye 
molecule i n level j . %(3) = % ( 3 ) — i# ( 3 )" is a third-order non-l inear susceptibility tensor o f 
rank 4. It consists o f solvent (%(s3)) and solute (X{D) contr ibutions: 
r 4 m 
x0) = + xi? = # + - Z ^  (A4) 
eo y = i 
L ( 4 ) is the Loren tz local-field correct ion factor (in the general case L ( 4 ) (a> / ? CO,-, a>k, = 
(n2 + 2)(n2 + 2)(w£ + 2 ) ( « 2 + 2)/81). is the third-order hyperpolar izabi l i ty o f a dye 
molecule in level j . 
Insertion o f Equa t i on A 2 into A l gives (/z0e0 = C Q 2 ) 
d2E 1 + x(]) S2E _ d2E n2d2E _ d2E (n - k ) 2 d2E _ &J>_ 
dz2 " c2 W ~ dz2 ~ c2dt2 ~ ~d?~ c2 dt2 " ^ ( } 
where the relation 
n2 = {n - \K)2 = n2 + K2 - ilriK = 1 + fy - i * ( , r (A6) 
has been used. Pi is the complex refractive index, n is the real refractive index and K is the 
extinction coefficient. Since for the dye solutions n > K, it is n = (1 4- ) 1 / 2 and K = 
X ( , ) 72". 
Insertion o f Equa t i on A 3 into the formula for n gives 
/ rO) « \ 1 / 2 
" = 1 + + — I Nrfgj = n + An (Al) 
\ 8o j = \ / 
with n = [1 + % ( s i y + (£ ( I ) / e o) A^O7DI ] representing the refractive index o f the unexcited 
solut ion. The extinction coefficient is given by 
1 / L ( 1 ) m \ 
K = Yn\f + Nj'^) = R + A k <A8> 
with 
1 / L ( 1 ) 
* - iz Z ( s , r + — 
2« V e0 
Equa t ion A 5 is solved by using the plane-wave ansatz for the th i rd-harmonic generation: 
E = EL + E3 = i { £ L 0 exp [i(coLt - kLz)] + E30 exp [i(co3/ - k3z)] + cc . } (A9) 
^ N L = ^ N L , L + ^ N L , 3 = i { ^ N L , L 0 ^ X p [l((0Lt ~ kLz)] + P N L , 3 0 exp [l(C03t ~ k3z)] + C C . } 
(A10) 
wi th the wavevectors kL = nLcoL/c0 = (nL + AnL)(oL/c0 and k3 = n3co3/c0 = (n3 + 
An3)a>3/c0. Insertion o f Equat ions A 9 and A 1 0 into A 5 gives 
8 1 P Ok d , ( W - ~ r? j 2 ( ^ - j ^ ) d (n) - i # ~ ) d2 
d2 
= ~fk<o2PNLja + tk^Pttuio + i 2 A , M V , , o ( A H ) 
U s i n g the relat ion k2 = n2a)2/cl and the slowly varying ampli tude approx imat ion 
32 3 3 32 ' 
gives 
or (kt = nicojco) 
( d2 1 d 2 d d2\ 
{ s ? < k i ^ W i > 0 ) i 8 - t > 8 i 2 ) 
d ( i2n2cot d t ix?y , x r _ 
i2ki^ + ^ = ^ ^ + ^r<a})En = M o Ä w o (A12) 
OZ CQ Ot CQ 
dz c0 dt 2nTCQ 1 2nt 
U s i n g the definit ion 
a i = f ^ l = 2J^i = 4 ^v, . (A14) 
niC0 co 
and the mov ing frame transformation t' = t — (n/c0)z and z' = z gives 
dz' t i 0 + 2 h i 0 " 2«, 
+ = ^ = / W o (A15) 
F o r the th i rd-harmonic generation i n isotropic media wi th l inearly polar ized p u m p pulses 
EL = (ELX, 0, 0) = (EL, 0, 0), the non-linear polarizations PNLio reduce to ( i V f ( U , 0, 0) = 
(^NL,/O, 0, 0). The PNLJ0 are given by 
^NL,LO = 3 8 0 x S ^ ( - w L ; co 3, -a>L, - C O L ^ O ^ L V exp [ - i ( / r 3 - 3fcL)z'] 
+ 6 e 0 x S x x ( - a ; L ; co 3, - w 3 , a ) L ) | £ 3 0 | 2 £ L { ) 
+ 2ZOXXL(-WL', a)L, - C O L , COL^LOP^LO (A16) 
^NL,30 = SoXxLxi-^L, <^L, ^ L ) ^ L 0 ^ X p [i(fc3 - 3kL)z'] 
+ 6 a 0 ^ x ( - ( y 3 ; - c o L , (D3)\EL0\2E30 
+ 36QZSXX(-Ö>3; ^ 3 ? - ^ 3 > CO^E^EJQ (AL7) 
Inserting Equat ions A16 and A17 into E q u a t i o n A15 and using the relations 
Ak = k3 — 3kL = — (« 3 - nL) = — (n3 - nL + An3 - AnL) (A18) 
and [29] 
XxL(-^L; co3, -coL, -oL) = XXL(-CO3;O)L,OJL,COL) 
gives 
d OL i 
^ 7 ^ L O = - y £LO - ^ 7 [ 3 x S « ( - < y 3 , « L , ß»L, « L ^ O ^ O 2 exp ( — i A & z ' ) 
+ 6 z ^ ( - c u L ; ( « 3 , - ^ . C O L ) ! ^ ! 2 ^ + 3 x S r , ( - c o L ; ü ) L , - c o L , e o L ) | £ L 0 | 2 £ : L 0 ] 
(A19) 
^ E - - ° ^ E - i ^ 3 - ^ ) t M M M73 
/ ^30 — ~ ^30 Ö b ( L ( - © 3 ; ^L)^LO exp (iAfcz') 
(A20) 
The identity between Equat ions A 1 9 , A 2 0 and Equat ions 13, 14 is obtained by equating 
a. = 
In, 0 [? | i r (co L ) + X ^ y ( ^ ( c o L ) ] 
a, = 
= JV„<rL + (N2 + N3 — N4)a^ + (N7 - (A21) 
2n3 z « 3 e 0 7 = 1 
= (N, - N2)a3 + (7V3 - i V 9 K X ) 3 
L ( 3 ) ( Q J L , OJ l, a ? L , o)L) 
e0 7 = 1 
(A22) 
Z ^7£L,D,(-^L; G>L> - G ) L , 0)L) 
(A23) 
L ( 3 ) ( a > 3 , a>3, a>3, a>3) 
£0 Z ^7SL,Dy(ö>3; G> 3, -G>3> G) 3 ) 
7 = 1 
W 3 C 0 £ 0 (2) yVj ~ " " 0-33 
6^0)3 
L ( 3 ) ( c o L , a>3, co 3, a>L) 
A7" n ^ C 0 £ 0 (2) 
i V l ^ „ »L3 
(A24) 
Z ^ 7 ^ , D y ( - G > L ; « 3 , - Ö > 3 > 
7 = 1 
l2hcoLco3 
Xxixx(-O)3;0)L9 -COL9(03) = Xxxxxi-ML', OJ3, -CO3, COL) 
(A25) 
(A26) 
L(3)((oL, coL,coL,coL) 
+ Z NjyXxyxx,Dj(--a>Ll<l>L, -U>L,0)L)] = 
7 = 1 
« L « 2 , L L 
(A27) 
Z i ^ ( - ^ 3 ; G>3, ~ ^ 3 ? co3) = 
L ( 3 ) ( ^ 3 , (D3,CQ3,CQ3) 
£ 0 
[NsyxxxxA-^l C03, -<*>3, G>3) 
«3 «2 
7 = 1 
L ( 3 ) ( c a L , C J 3 , co3, coL) 
[ ^ S 7 S L , S ( - G > L ; <^3> ~ ^ 3 , G > L ) 
m 
+ Z ^ y £ L , D ; ( - a ) L ; co 3, ^ 3 , ö ) L ) ] 
(A29) 
XxLx(-0)L; 0}3, -0)3, 0JL) = Xxxxxi-Wl', <*>L, -0JL, (03) 
(A30) 
z 2 L x ( - 0 > 3 ; < » L , C O L , C 0 L ) = ^ ( - ^ , 0 ) 3 , - 0 ) , = XTHG (A31) 
The relations between the non-linear refractive indices and the third-order non-linear 
susceptibilities are obtained by transferring the terms — (3co2/cl) XxLxi — ^  ^ ~a)i> 
<Oi)\Eto\2Eto - (6(Dllcl)xfxxx(-^i\(Oj, -(OjtW^Ej^En f rom the r ight-hand side o f E q u a -
t ion A l 1 ( P N L / is given by Equat ions A 1 6 and A 1 7 ) to the left-hand side o f E q u a t i o n A I 1 
and inc luding them into the fourth term by replacing n2 by 
(#1, + An, + Antj)2 = (n, + ±n2Ji\Ei0\2 + \n2Jj\Eß\2)2 « n] + ntn2Ji\Ei0\2 + ntn2Jj\Ej0\2 
(A32) 
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